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MODULE* – 8  

CHARACTERIZATIONS OF STRICTLY CONVEX 

LINEAR METRIC SPACES 

 This module is devoted to study some characterizations of 

strictly convex linear metric spaces. First of all, we give the 

necesssary and sufficient condition for the real line to be strcitly 

convex (Theorem 1.1). Theorem 1.2, which characterizes strictly 

convex linear metric spaces in terms of best approximation, 

shows that the converse of the unicity theorem "Every Convex 

Proximinal set in a Strictly Convex Linear Metric Space is 

Chebyshev" is also true. Theorem 1.3 tells that a linear metric 

space (X, d) is strictly convex if and only if all convex subsets of X 

are semi-Chebyshev. Theorem 1.4 shows that a linear metric 

space is strictly convex iff every non empty locally compact closed 

convex set of it is a Chebyshev set. 

 The following theorem gives necessary and sufficient 

condition for the real line to be strictly convex. 

Theorem 1.1 [7] Let d be an invariant linear metric on R and let  

f : R R   be defined by f (t) = d (t, 0). Then (R, d) is strictly convex 

if an only if f is strictly increasing. 

Proof  Suppose (R, d) is strictly convex. Let 0 ≤ s < t. Since the 

ball B[ 0, f(t)] is convex (From Theorem 2.1.2 from Module 7), we 

must have 

 f (s) = d (s, 0) ≤ f (t)  
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Thus f is increasing on R  . Now by strict convexity of  
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(R,d), f =d , 0 f (t)
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so that 

 
(s + t)

f (s) < f f (t) .
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Thus f is strictly increasing on R  . 

 Conversely, suppose that f is strictly increasing on R  . Let x, 

y be distinct points of R. Then 
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     max {f ( ),  f ( } ( if y  - x)x y   

   =  max {d (x, 0), d (y, 0)}.  

If y = - x, then 

 
x + y

d , 0    = 0 < max { d (x, 0), d (y, 0)}
2

 
 
 

 

Hence (R, d) is strictly convex. 

 The following is an easy consequence of Theorem 1.1. 

Corollary 1.1 [7] Let (X, d) be a strictly convex linear metric 

space and 0 ≠ x ϵX. Define :xf R R     by  

 xf (t) = d (t x, 0) 

Then fx (0) = 0, xf  is continous and strictly increasing on R .  

Proof  Given that (X, d) is strictly convex. Let 0 ≤ s <t.  
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Since the ball B [0, xf (t)} is convex, we must have 

 xf (s) = d (s x, 0) ≤ xf (t). 

Thus xf  is increasing on R  . Now by strict convexity of (X, d)  

   
   

   
x x

(s + t) (s + t)
f    = d x, 0) f  (t)

2 2
 

so that 

 xf  (s) <  x

(s + t)
f  

2

 
 
 

 < xf  (t) 

Thus xf  is strictly increasing on R  . 

 Now xf  (0) = d (0 x , 0) = d (0, 0) = 0.  xf is always continuous 

as distance function is always continuous. 

 The following theorem on unicity of best approximation was 

proved in Module 2 (Theorem 2.1.2) : Every Convex proximinal 

set in a strictly convex linear metric space is Chebyshev. We shall 

show that converse of this theorem is also true. In order to show 

this, we establish two lemmas. 

Lemma 1.1 [4] In a linear metric space ( X , d) the line segment  

  [x, y] = { t x + (1+ (1-t) y : 0 ≤ t ≤1} 

is compact and convex. 

Proof  The proof follows from well  known result ( cf [2], p.9) "the 

Convex hull of the union of finitely many compact convex subsets 

of a toplogical linear space is compact." 

 There are two or more equivalent forms for the notion of 

strict convexity in normed linear spaces which can be 
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generalized to linear metric spaces and in the following lemma, 

we establish them. 

Lemma 1.2 [5]  For a linear metric space (X, d) the following are 

equivalent:  

(i) (X , d) is strictly convex 

(ii) Balls in (X, d) are convex and S [0, r] = { x ϵ X : d (x, 0) = r} 

does not contain any line segment for r > 0. 

(iii) x , y ϵB [0, r]  ] x, y [⊂B (0, r). 

Proof  (i) => (ii) "Since the space is strictly convex, the balls in it 

are convex. The second part is immediate from the definition. 

(ii)=> (iii) Let x, y ∈B [0, r], x ≠ y, r > 0 let u ∈ ] x, y [, 

then there exists t, 0 < t < 1 such that 

  u = t x + (1-t) y. 

Choose δ > 0 such that 

 0 < t – δ < t < + δ < 1. 

Let 

 v = (t – δ) x + (1 –t+ δ) y,  w = (t + δ) x + (1 – t- δ) y. 

Since B [0, r] is convex v, w  ϵ B [0, r] and consequently, by strict convexity, 

 d (u,0) = d (t x + (1-t) y, 0) 

  = d ( v + w

2
, 0) < r. 

(iii) => (i)  is obvious.  

The following theorem which characterizes strictly  

convex linear metric spaces in terms of best approximation shows 

that the converse of unicity theorem (Theorem 2.1.2 of Module 7) 

is also true. 

Theorem 1.2 [5] In a linear metric space (X, d) the following 

statements are equivalent : 
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(i) X is strictly convex 

(ii) For each convex set S and distinct point x and y of  

S, Sx ∩ Sy = ∅ 

Where Sy = { x ϵ X : d (x, y) + d (x, S) } 

(iii) Whenever a convex set is proximinal it is uniquely 

proximinal. 

Proof  (i) => (ii)  Let Sx ∩ Sy ≠ ∅. Let 

  z ϵ Sx ∩ Sy = > d (z, x) = d (z, y) = d (z, S) 

Strict convexity of the space implies 

 d 
(z - x) + (z - y)

, 0 d (z, S)
2

 
 

 
 

i.e. 
x + y

d (z, ) d (z, S)
2

  

which is a contradiction, for 
x+y

2
 S. 

(ii) => (iii)  Let a convex set S be proximinal and p be any point of 

X Because S is proximinal, there exists  x  ϵ S such that p ϵ Sx. 

Let, if possible, y ≠ x be also nearest to p. 

Then p ∈Sy and so p ϵ Sx ∩Sy , x ≠ y which is a contradiction.  

Thus x is the only point of S closest to p i.e. S is Chebyshev. 

(iii)=>(i)  Suppose X is not strictly convex. Then by lemma 1.2, 

there exists r > 0 and distinct points x and y such that                 

d (x, 0) = d (y, 0) = r and B (0, r) ∩ ] x, y [ = ∅. 

Now consider the compact convex line segment [x, y]. This is 

proximinal (a compact subset of a metric space is proximinal, cf 

[2], p. 123) but not uniquely proximinal since for the point 0 of X 

there are atleast two nearest points (namely x, y) which 

contradicts (iii). Hence the space must be strictly convex.  
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 The following theorem gives another characterization of 

strictly convex linear metric spaces in terms of best 

approximation. 

Theorem 1.3 [6] A linear metric space (X, d) is strictly convex iff 

convex subsets of X are semi-Chebyshev. 

Proof : Let (X, d) be strictly convex and G be a convex subset of 

X. Suppose there exists some xϵX\G which has two distinct best 

approximations in G say 1g  and 2g  i.e. d (x, 1g ) = d (x, 2g ) = d (x, 

G). Then by the strict convexity of d, 

1 2g  + g
d x, < d (x, G),

2

 
 
 

 

a contradiction as 1 2g  + g

2
 ∈ G. Therefore G must be semi-

Chebyshev. 

 Conversely, suppose all convex subsets of the linear  

metric space (X, d) are semi-Chebyshev. Suppose (X, d) is not 

strictly convex. Then by lemma 1.2, there exists an r > 0 and 

distinct points x, y ∈X such that 

 d (x, 0) = d (y, 0) =r 

and 

 B (0, r) ∩ } x, y [ = ∅. 

Consider the convex line segment [z, y]. It is not semi-Chebyshev 

since for the point 0 of X there are two distinct best 

approximations (x and y), a contradiction. 

Remark : Replacing the line segment [x, y] by the real one 

dimensional subspace G = {α (y –x) : -∞ < α < ∞} in the second 

part of the proof of the above theorem we can see that G is not 

semi-Chebyshev as for the element -xϵX, both 0 an y-x are best 
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approximations in G and hence it follows that a linear metric 

space (X, d) is strictly convex if and only if all linear subspaces of 

X are semi-Chebyshev. 

 Now we give another characterization of strictly convex 

linear metric space given by A. I. Vasil'ev in [9]. Before this, we 

discuss some lemmas to be used in the characterization. 

Lemma 1.3. [9] Suppose X is a linear metric space. Then the 

following conditions are equivalent : 

(1) The Space X is strictly convex 

(2) If x, y ϵX, x ≠ y, 0 < α < 1, then 

| (1-α) x + αy | < max ( ,  x y ). 

(3) Every ball B [0, r] in X is convex and no sphere S[0, r] 

contains segments. 

(4) The quasinorm of X is strictly monotone and all balls B[0, r] 

are strictly convex. 

(5) For any r > 0, the ball B[ 0, r] is strictly convex and 

coincides with the closure B  (0, r) of the open ball B ( 0, r). 

Proof : We first note that (1) is equivalent to the following 

condition 

  (1) If x, y ϵ X, x≠ y and x  ≤ r, y  ≤ r, 0 < α < 1, 

then (1 ) .x y r     

 Indeed, we deduced from (1) in the usual way that each  

B[0, r] is convex, which, together with (1) yields (1') , and the 

implication (1') =>  (1) is obvious. 

 Since (1')   (2), it follows that (1)   (2) 

 We will prove that (1) => (5) => (4) => (3) => (1). 
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(1)=> (5)  Clearly, B [0, r] is strictly convex for an arbitrary r > 0.    

If  x ϵB [0, r]/ B  (0, r) then there exists y ϵ] 0, x [ such that 

[y, x] ∩ B (0,r) = ∅ 

and therefore 
(x+ y)

,
2

r which contradicts (1) 

Consequently, B[0,r] = B  (0,r). 

(5)=>(4) suppose x   0, 0< ' <   and r x  , Then  

B (0, r) =
s r
U B[0, s] 

is convex,      x (0, ),0 (0, ) int  B (O,r), ' x B(0, )B r B r x .  

So   'x B(0, x) i.e. | 'x| < | x|  . 

(4) =>(3) Suppose (4) is satisfied, but not (3) i.e. there exists r >0 

and two distinct points x, y such that  

   S[0, r] [x, y] 

Take z ] x, y [. Since B[0,r] is strictly convex, it follows that z   int B [0,r], 

hence there exists ' 1  such that  

  | ' | | |,z r z    

which contradicts the strict monotonicity of the quasinorm. 

(3) => (1)  Suppose x, y B[0,r], x y, z = (x+y)

2
. Since 

B[0, r] is convex, we have 

[x, y]  B[0,r]. 

and since S[0,r] contains no segments, each of [x, z] and [z, y] 

meets B(0,r), which is obviously convex. Therefore  

 zB(0,r) 

Hence the lemma is complete. 

Lemma 1.4 [9] Suppose E is a closed bounded subset of a finite 

dimensional linear metric space. If each face of E is singleton, 

then  (conv E)   E. 
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Proof For the proof of this lemma, we refer to [7, Theorem 9]. 

Leema 1.5 [9] Suppose X is a linear metric space and  

      I = ] 0,  ], ] 0,  [ or ] 0,   [. 

Then the following assertions are equivalent: 

(1)  For any r I, B[0,r] is convex, B[0,r]   X and  

 B[0,r] = B  (0,r). 

(2) For every rI, convB[0,r]   X and [0, ]) (0, )r B r   

Proof For proof of this lemma, we refer to [8] 

Lemma 1.6 [9] Suppose each closed half space in a finite-

dimensional linear metric space X is a uniqueness set. Then each 

bounded ball B[0,r]   X is strictly convex and coincides with  

B  (0,r) 

Proof We shall first show that (1) ( conv B[0,r] ) ⊂ B(0,r) for every 

bounded ball B[0,r] ⊂ X. 

 Suppose B[0,r] is a bounded ball, H is a hyperplane 

supporting B[0,r] with the equation h(x) = b (b>0), 

H = { ; ( ) }X X h X b   and   = B[0,r]  H . Obviously d (0, x) r for 

any X H  and ∅    = B [0,r]  H . Consequently,  = 
H
P  (0), 

hence (since H is a uniqueness set)   is singleton. Thus, any face 

of the ball B[0,r] is a singleton. Assertion (1) now follows from 

lemma 1.4. we will prove that (2)  (conv B[0,r] ) B  (0,r) for any 

bounded ball B [0, r] x. 

 Assume the contrary. Then for some bounded ball B[0, r] 

there exists a point w =  (con B[0,r])\B  (0,r). Let f(x) = c be the 

equation of a hyperplane supporting conv B [0,r] at the point w (c 

>0). Obviously , 

 f(w)  sup { f(x) : xB  (0,r) = : a 
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 let F = {x ϵX : f (x) ≥ a }. 

Since B  (0, r) is compact,there exists 
0

x ϵB  (0, r) such that f(
0

x )= 

a. It is clear that 
0x ≠ w, d (0,

0
x ) = r and d (0, x) ≥ r and therefore 

in view of (1), d (0, w) = r. Thus  

d (0, F) = d (0, 
0x ) = d (0, w), 

so that F is not a uniqueness set. This contradiction to the 

hypothesis of the lemma proves (2). Let I = { 
r

V , r > 0} Then             

I = ]0, α] ,  ] 0, α[ or ] 0, ∞ [ and conv B [0, r] ≠ X for each r ϵ I. It 

follows from (2) and lemma 1.5 that every bounded ball B [0, r] is 

convex and coincides with B  (0, r). From this fact and the 

condition that every closed hair space is a uniqueness set, we 

now obtain the strict convexity of bounded balls B [0, r] and 

hence the proof of the lemma is proved. 

Lemma  1.7 [9] Suppose M is a closed convex symmetrical 

subset of a finite dimensional linear metric space X. If M is 

unbounded and M ≠ X, then ∂M contains a straight line. 

Proof  Suppose 0 ϵ M, it follows (see [5, p. 343]) that M contains 

a ray of the form { x :   ≥ 0}, x ≠ 0, and since M is symmetric M 

⊃{   x :  ϵ R} = L. Take z ϵ ∂M and put P = L + z. Since M is 

convex and closed, it follows easily that P ⊂ M, using the property 

] y, v [⊂ int M, we see that if y ϵ int M and v ϵM, then P ⊂ ∂ M. 

Lemma  1.8 [9]  A strictly convex proper ball in a linear metric 

space contains no rays.  
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Proof  Assume that a strictly convex proper ball B [ 0, r] in a 

linear metric space X contains a ray. Since B [0, r] is convex and 

closed it contains a ray of the form 

 {  x :   0} = ℓ, x ϵX \ {0}. 

Take a two-dimensional subspace L of X such that ℓ ⊂ L and           

r
V ∩ L ≠ L . By leema 1.6, the boundary in L of the set B [0, r] ∩ L 

containing some straight line P, hence ∂B[0,r]⊃P, which 

contradicts the strict convexity of B [0, r]. Hence the lemma is 

proved. 

 It is well known (see [3], p. 347) that in a  normed linear 

space, every nonempty closed convex set which is locally compact 

in the weak topology is an existence set. For a linear metric space 

we have 

Lemma 1.9 [9] Suppose that every ball B [0, r] in a linear metric 

space X is convex. Then the following conditions are equivalent: 

(1) Every nonempty closed convex set in X which is locally 

compact in the weak topology is an existence set. 

(2) No proper ball B[0, r] contains a ray of the form {α x : α ≥0}, 

x ϵ X\{0}. 

Proof  (1) => (2) Assume that (2) does not hold, i.e. there exists a 

proper ball B [0, r] containing a ray 

  {α x : α ≥ 0}, x ϵ X\{0}. 

Since B [0, r] is symmetric B [0, r] ⊃ *α x : α ϵR} = : R x.  
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Take two dimensional subspace L of X such that L ⊃ Rx and B [0, 

r] ∩ L ≠ L. We view L as a linear metric space with the metric 

induced from X. Take y ϵ L\Rx. If we associate to each point 
1a x + 

2a y ∈ L and define a matric 

 'd on 2R  for (
1a ,

2a ) ϵ 2R  

 d' (a, b) = d (
1a x +  

2a y, 
1b x, + 

2b y) 

 (a = (
1a , 

2a ) ∈ 2R  , b = (
1b , + 

2b ) ∈ 2R ),   

we can identify the liner metric space L with the linear metric 

space ( 2R , d). The implication (1) +> (2) will be proved if  ( 2R ,
'd ) 

contains a nonempty closed convex set that is not an existence 

set. The ball 'B [0, r] = {a ϵ 2R  , 'd 0, a) < r} where '0  = (0, 0), 

contains the straight line 

 { α, 0) ϵ 2R  : α ϵR} 

and is a symmetric closed convex set different from 2R . It follows 

easily that 'B [0, r] is a closed strip of the form  

 {(a, 𝓊)ϵ 2R  :  < α' },  ≥ 0 

Now consider the set 

 M = { (α, 𝓊 +  ) : α > 0, 𝓊 > 0, α𝓊1} 

Since for any ε > 0 there exists 𝓊 > 0 such that 

 (0, 𝓊) ϵ 'B [0, ε] 

and therefore for α ≥ 
1


 we have the relations  

 (α, 𝓊 +  ) ϵ M 

and 

 (α, 𝓊 +  ) ϵ { (α,  ) ϵ 2R  : α ϵR } + 'B [0, ϵ] ⊂ B [ 0, r + ε] 

it follows that ε > 0, B [0, r + ε] ∩ M =∅ for any ε >0.  
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Using the equality 

 'B [0,r] ∩ M = ∅ 

we see that the nonempty closed convex subset M of the space (

2R , d ) is not an existence set. Hence (1) => (2) is proved.  

(2)=> (1)  Suppose M is nonempty closed convex set in X that is 

locally compact in the weak topology. We must show that 

 M

M

P (z)        for z X\M  where

P (z) = { y M : d(z, y) = d (z, M) }, .z X

 

 
 

In view of the invariance of the metric with translation, we may  

assume without loss of generality that z = 0.  

Let 
0r  = sup { x  : x ϵ X} ≤ ∞, s = d (0, M). 

If s= 0r , then d (0, x) ≥  0r  for x ϵ M, hence d (0, x) = 0r , so that MP (z)   . 

Suppose s < r0 for r ϵ (s , 0r ) , B [0, r] ∩ M is nonempty and 

weakly compact (being a convex weakly closed set that is locally 

compact in the weak topology and contains no rays), 

consequently 

 PM (0) = 
  0

(B[0, r]  M)  
s r r

 

This proves the lemma. 

Lemma 1.10 [9] In a strictly convex linear metric space, every 

nonempty closed convex set which is locally compact in the weak 

topology is a Chebyshev set. 

Proof  Suppose M is a subset of a strictly convex linear metric 

space X satisfying the given conditions. Since each ball in X is 

strictly convex (see lemma 1.3), it follows from lemma 1.8 and 1.9 

that M is an existence set. Since X is strictly convex, it follows 

that M is a Chebyshev set.  
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Lemma  1.11 [9] Suppose X is a linear metric space with 

monotone quasinorm and dim X ≥ 2. Then the following 

conditions are equivalent: 

(1) Every subspace of X is a uniqueness set. 

(2) Every one-dimensional subspace of X is a uniqueness set. 

(3) Every finite-dimensional subspace of X is a Chebyshev set. 

(4) Every one-dimensional subspace of X is a Chebyshev set. 

(5) The quasinorm of X is strictly convex and all balls b [0, r] 

are strictly convex. 

Proof : For its proof, we refer to [1, p. 189]. 

 The following theorem shows that a linear metric space is 

S.C.  iff every nonempty locally compact closed convex set of it is 

a Chebyshev set. 

Theorem 1.4 [9] Suppose X is a linear metric space. Then the 

following conditions are equivalent: 

(A) Every non-empty locally compact closed convex set in X is a 

Chebyshev set. 

(B) Every segment in X is a Chebyshev set. 

( nC ) Every closed n-dimensional half plane in X (n fixed, 1 ≤ dim  

 X ≤ ∞) is a Chebyshev set. 

(C) The space X is strictly convex. 

Proof  It suffices to show that (A) => (B) => (D) => (A) => (Cn)=>(D). 

  The implications (A) => (B) and (A) => (Cn) are obvious. 

(B) => (D) Suppose that (B) holds. For an arbitrary r > 0 we will 

prove the strict convexity of the ball B [0, r] and the equality B [0, 

r] = B  (0, r). Note that 

(1) If z, y ϵ B [ 0, r] , z ≠ y, then ] z, y [∩B[0, r] ≠ ∅. 

 Otherwise we would have z, y ϵ S [0, r] , d (0, [z, y]) 



 

 e-learning Mathematics  
 

= d (0, z) = d (0, y) and therefore [z, y] would not be a Chebysheve 

set. Using (1) and the fact B [0, r] is closed, we obtain in the 

standard way that B [0, r] is convex. In view of (B), the boundary 

of B [0, r] is convex. In view of (B), the boundary of B [0, r] (which 

obviously lies in S[0, r]) contains no segments. Thus, B [0, r] is 

strictly convex. Also,  

 B [ 0, r] = B ( 0, r), 

since if x ϵB [0, r]\ B  (0, r) then there exists zϵ (o, x) such that [z, 

x] ⊂S [0, r] , which contradicts (B). 

(D) => (A) Indeed, since a convex locally compact subset of a 

seperated locally convex space is locally compact in the weak 

topology ([4]) , the assertion (D) => (A) is a special case of lemma 

3.10. 

(Cn) => (D)  Suppose (Cn) holds. Assume 1) dim X = n. 

 By lemma 1.6 each bounded ball B[0, r] is strictly 

convex and coincides with B  (0, r). Therefore, it is sufficient to 

show that if B [0, r] is an unbounded ball then 

 B [0, r] = B ( 0, r) = X. 

Suppose there exist unbounded balls in X and 

 r = inf {r > 0 : B [0, r] is unbounded}. 

obviously r' > 0 .Take some basis { 1x , 2x , .... nx } in X and define a 

norm    on X by putting  x  = max { 1 : 1,  2,..., }a i n  for 

    x = 1 1 2 2 .... n nx x x     . For δ > 0 put  

    =   {x X : },N x    

 1 1 1   =   {  +  :  ,..., ,     }i n n n iP x x R               

1 1 1 1   =   {  +  :  ,..., ,     }n n n n iP x x R                

where i = 1, 2 , ..., n. Note that 
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2

\

1

j

n

N X P

j



 



 

We will prove that B (0,r  ) is unbounded. Assume that B (0, r') is 

bounded. Then B [0, r  ] is also bounded (Otherwise, taking           

δ > 0, for which B (0, r  ) 
2

\

1

j

n

X P

j





, we see that for some j = 1,  

..., 2n the half space 

jP  contains at least two distinct points of S 

[0, r  ] and, therefore, is not a uniqueness set). 

Thus, there exists δ > 0 such that 

 B[0,r'] ⊂
2

\

1

j

n

X P

j





 

For any j=1, 2 , ..., 2 n we have d (0, jP
 ) > r  , Indeed, if for some  

j =1,2, ..., 2n this is not so, then, snce the half space Pj is a 

Chebyshev set, we have 

B [0, r']  jP
  , 

which contradicts the inclusion 

 B [0, r'] 
2

\

1

j

n

X P

j





. 

Now take s such that 

 r' < s < d (0, jP
 ) 

for each j = 1, 2 , ..., 2n. Since s < d (0, jP
 ), it follows that  

 B [0, s]   jP  ( j = 1,2, ..., 2n) 

and therefore  

 B [0, s]
2

\

1

j

n

X P

j



  



 

 e-learning Mathematics  
 

 Thus, B [0, s] is bounded, which together with the inequality s 

> r  , contradicts the definition of r  . This proves that B (0, r  )  is 

an unbounded symmetric convex set. It is now clear that            

B (0, r')= X if n = 1 suppose n > 1 and B (0, r  ) ≠ X. Then B  (0, r  ) 

≠ X, and by lemma 1.7. ∂ B  (0, r  ) contains some straight line P⊂ 

S[0, r  ]. By the Hahn-Banach Theorem, there exists a hyperplane 

H containing P and not meeting B(0, r').  

Let h(y) = c be the equation of this hyperplane (c > 0), 

and let yϵH , and since P ⊂H ∩ S [0,r'] , we have 

 d (0, H ) = r' = d (0, p)  for any p ϵ P. 

This contradicts the fact that H is a Chebyshev set. Consequently 

B (0, r  ) = X and for any r > r  , 

B [0, n] = B (0, r) = X. 

Thus, if dim X = n, then ( nC ) => (D). 

Suppose 2) dim X > n =1. We will show that (2) the quasinorm of 

X is monotone, Suppose 

 zϵX\{0}, 0 < α <β. 

Put r = , { ' , ' }.z L z R     We wil view L as a linear metric space 

(wth metric induced from X). Since L satisfies ( 1C ), it follows from 

what has just been proved that L∩ B[0, r] = {x ϵ L : }x r  is convex. 

Consequently,  

  z   r = β z  . 
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Thus, (2) is proved. 

 We now observe that (3) every one-dimensional subspace of 

X is a uniqueness set. 

 Otherwise, there exist a straight line and points x, y ϵ P (x ≠ 

y) such that d (0, P) = d (0, x) = d (0, y), thus, for ℓ = { x +   (y-x) : 

  ≥ 0} we have d (0, ℓ) = d (0, x) = d (0, y), which is not possible, 

since in view of (Cn) = (C1) the ray  ℓ is a Chebyshev set. It follows 

from (2) and (3) ( see [9]) that X is strictly convex. Thus, the 

implication (Cn) => (D) is proved in case 2). 

There remains : 3) dim X> n > 1. By what was proved above (case 

1), every n-dimensional subspace of X is strictly convex from 

which it obviously follows that X itself is strictly convex. So (Cn) ⇒ 

(D) and hence the theorem gets proved. 
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